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We investigate theoretically and experimentally classical
advective transport in a 2D electron gas in a random mag-
netic field. For uniform external perpendicular magnetic fields
large compared to the random field we observe a strong en-
hancement of conductance compared to the ordinary Drude
value. This can be understood as resulting from advection of
cyclotron guiding centers. For low disorder this enhancement
shows non-trivial scaling as a function of scattering time, with
consistency between theory and experiment.
Transport in two-dimensional (2D) electron systems in
a spatially random magnetic field (RMF) has generated
great theoretical [1,8] and experimental interest [2,4,5] in
recent years, and is now understood to be distinctly dif-
ferent from transport in systems with ordinary potential
disorder. Experimentally, these systems have been re-
alized using high-mobility heterostructure materials and
overlayers of superconductors or ferromagnets [2,4,5] and
may be related to quantum Hall transport around filling
factor 1/2 [1].
In the presence of a strong external uniform magnetic
field and negligible potential disorder, electrons in a RMF
move in spiraling cyclotron orbits with guiding centers
moving along the contours of constant magnetic field [6].
Because contours are generically closed [17] electrons con-
fined to contours do not contribute to total conductance
in the limit of zero cyclotron radius. A similar situation
arises in the case of electron gas moving in a long-range
potential and strong uniform magnetic field, where the
guiding centers move along the contours of constant po-
tential, as recently discussed by Fogler et al. [7]. In that
case, authors of [7] showed that a finite cyclotron radius
allowing the electrons to “jump” between different con-
tours only leads to an exponentially small conductance.
In general, scattering from short-range potential disor-
der increases the probability of such jumps, significantly
enhancing the conductance via the same mechanism: by
freeing those electrons which would otherwise be trapped
on closed contours of the RMF or long-range potential
disorder. That type of transport may be called advec-
tive, in analogy with the well-studied problem in fluid
dynamics where the transport of a tracer particle due to
molecular diffusion becomes greatly enhanced due to the
flow of the fluid [3].
A useful measure to analyze transport in a system with
both RMF and ordinary potential disorder is the ratio
R = σRMFxx /σxx of the longitudinal conductances with and
without the RMF. In this Letter we present a novel anal-
ysis of advective transport in a RMF, leading to non-
trivial scaling of the ratio R with the scattering time of
the ordinary potential. We then compare theoretical pre-
dictions to experiments in a high-mobility 2D electron
gas (2DEG) with a spatially random high-field magnet
on the surface and controllable potential disorder.
We begin by discussing the classical statistical the-
ory of electron motion in an inhomogeneous perpendic-
ular magnetic field, B(r). The following notation is
used throughout the paper: ω0 and δω represent re-
spectively the average and standard deviation of the
random cyclotron frequency ωc(r) =
eB(r)
m∗c
, ξB and ξP
are the experimentally determined correlation lengths of
the RMF and ordinary potential V (r) respectively. The
strengths and spatial scales of the two independent dis-
orders relevant to the experiment satisfy the inequalities
ξP <∼ vF/max(ω0, δω) ≪ ξB, Vrms ≪ EF , where vF is
the Fermi velocity and EF is the Fermi energy, and it is
these limits that we consider in this Letter. Note that the
first inequality implies only that the random magnetic
field varies slowly with position; no assumption about its
strength is made.
To study transport in this mixed-disorder regime, we
take advantage of the assumed separation of disorder
length scales. Following the analysis of Ref. [8], mag-
netic randomness is treated as a Lorentz force term in
the left hand side of the Boltzmann equation, while po-
tential randomness leads to diffusion, characterized by a
transport time τtr. Charge conservation then implies a
diffusion equation for the fluctuating part of the particle
density,
∂n
∂t
=
D0
1+β2
∇
2n+
D0
1+β2
(
β2−1
β2+1
∇⊥β −
2β∇β
β2+1
)
·∇n,
(1)
where β(r) = ωc(r)τtr is the local dimensionless cyclotron
parameter, D0 =
1
2v
2
F
τtr is the ordinary diffusion coeffi-
cient and ∇⊥ = (∂/∂y,−∂/∂x) [9]. We will refer to the
first and second terms in the r.h.s. as diffusive and ad-
vective terms respectively.
Equation (1) generalizes the standard advection-
diffusion problem studied in fluid dynamics and plasma
physics [17] described by the equation
1
∂n
∂t
= D∗∇
2n+ u ·∇n. (2)
In the long-time, long-wavelength limit, solutions to Eq.
(2) are known to converge to solutions of the usual diffu-
sion equation [10,11],
∂n
∂t
= Deff∇
2n,
with an effective diffusion constant, Deff . In the standard
advection-diffusion problem, Eq.(2), one distinguishes
two regimes: the diffusive regime, in which the first (dif-
fusive) term on the right hand side of Eq. (2) dominates
and advection may be ingnored, and the advective regime,
in which the advective term makes a significant contribu-
tion to the transport coefficients. The dimensionless pa-
rameter characterizing the relative strength of advection
over diffusion is the so-called Pecle´t number P = ξu0/D∗,
where ξ and u0 are respectively the characteristic spatial
scale and amplitude of the random velocity field u(r).
Now, returning to our problem, Eq. (1), the Pecle´t
number in this case is approximately given by the RMF
cyclotron parameter, P ≈ δω τtr and the two correspond-
ing transport regimes are defined as follows:
(i) Strong disorder, when the inequality τ−1tr ≫
max(δω, ω0) is obeyed. This corresponds to the dif-
fusive regime. Here the advective term is negligible
and the effective diffusion constant is approximated by
Deff/D0 ≈
〈
1
1+β2
〉
.
(ii) Weak disorder and strong magnetic field, when the
inequality τ−1tr ≪ δω
<
∼ ω0 is obeyed. This corresponds
to the advective regime. In this regime Eq.(1) is well ap-
proximated by the form of Eq. (2) with D∗ = D0
〈
1
1+β2
〉
and u = D∗∇⊥β. The dependence of Deff on the bare
diffusion constant D∗ in this regime, characterized by
large Pecle´t numbers, (P ≈ δωτtr ≫ 1) has been a sub-
ject of several theoretical and numerical studies over the
past decade [12,14–17]. Heuristic arguments [14] and
non-local variational principles [16] lead to the expression
Deff/D∗ ≈ a(τtr)P
α0 , where a(τtr) =
1+(ω0τtr)
2
(δωτtr)
2α0+(ω0τtr)
2
[9]. In the limit δω τtr ≫ 1, the prefactor a(τtr) → 1,
giving the simple scaling form
Deff/D∗ ≈ P
α0 , (3)
where
α0 =
1 + νdf
2 + νdf
(4)
is a constant that depends on the geometry and statis-
tical properties of the random surface. In Eq.(4), ν is
the critical exponent for the correlation length of the
level contours of B(r), and df is the fractal dimension of
these contours [17]. If B(r) has Gaussian statistics and
is short-range correlated, then ν = 43 and df =
7
4 [18],
giving α0 =
10
13 ≈ 0.77 [14]. For non-Gaussian statistics
of B(r), the value of ν depends on the distribution of
saddle-point heights [19]. If B(r) is doubly periodic, for
instance, then ν = df = 0, giving α0 =
1
2 , a result known
from boundary layer considerations [13]. The scaling re-
lation, Eq.(3), is the main signature of advective trans-
port that we investigate experimentally, as described be-
low. The experimental system consists of a 200µm wide
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FIG. 1. (a) Hall (left axis) and longitudinal (right axis)
resistivities for the uncovered half of the Hall bar at three
different values of τtr vs. external magnetic field, Bext. Note
that for the uncovered half Beff = Bext. (b) Correspond-
ing graphs for the covered half. Note the shift of the ef-
fective magnetic field, Beff = Bext − 0.15T . Zero of Beff
is by definition the point of intersection of Hall slopes. (c)
The ratio R = σRMFxx /σxx plotted for two representative val-
ues of Beff showing the suppression of the RMF conductance
at Beff = 0 and the strong enhancement due to advection
at high field. Dotted lines show the theoretical expression
R = a(τtr)P
α0 . In the limit τtr → ∞, R = P
α0 in the ad-
vective regime (Beff = 0.24T ) and R = P
−α0 in the diffusive
regime (Beff = 0). In both cases the values α0 = 0.65 and
Brms = 0.04T giving the best fit were used. Upper inset:
Schematic of the device, including gates and attached mag-
net. Lower inset: Optical micrograph of the Nd-Fe-B surface
indicating roughness on the ∼ 20µm scale.
by 3mm long Hall bar fabricated from a high-mobility
GaAs/AlGaAs heterostructure (see Fig. 1c, inset). Sheet
density and scattering times are controlled by applying
voltages in the range Vgate = −1.2 to +0.7V via two in-
dependent gates thermally evaporated onto one half of
each structure (gate material is 100A˚ Cr followed by
2500A˚ Au). To generate the random magnetic field,
a neodymium-iron-boron (Nd-Fe-B) permanent magnet
(300µm wide, 200µm tall, 1.5mm long) was affixed with
polymethyl methacrylate (PMMA) to the Hall bar above
the gate with the easy magnetization axis of the sintered
material perpendicular to the surface [4,5]. The Nd-Fe-
B magnet is attached in a demagnetized state, but after
cooling the sample and ramping an external perpendicu-
lar magnetic field Bext to 6T , the material becomes per-
manently magnetized, creating a field of B0 ∼ 0.15T at
the electron gas as measured from the Hall resistance off-
2
set, seen as the intersection point of the Hall resistances
in Fig. 1b. The effective average field Beff felt by the
electrons is the difference between the applied field and
this constant offset, Beff = Bext −B0.
The rough surface of the Nd-Fe-B (Fig. 1c, lower in-
set) generates a spatially random magnetic field at the
2DEGwith standard deviation δB ∼ 0.04T (measured by
a best fit low-field magnetoresistance [4]), and character-
istic length scale ξB ≈ 20µm. The permanent magnetiza-
tion is insensitive to changes in Bext in the range∼ −0.5T
to 0.5T of interest in the experiment, and little hysteresis
is observed in this range following initial magnetization.
Longitudinal and Hall resistances were measured at 4.2K
on both the end of the Hall bar under the magnet (“cov-
ered”) and the end without the magnet (“uncovered”) us-
ing standard ac lock-in techniques at 3Hz with a current
bias of 100nA. Following the transport measurements
in the RMF, the Nd-Fe-B magnet was taken off and the
measurements repeated on the previously covered side.
We note that at these temperatures and magnetic fields
quantum effects in the form of Shubnikov-de-Haas os-
cillations are not observed [5]. Conductivities with and
without the RMF, σRMFxx and σxx, were then computed
from the measured ρxx’s and ρxy’s as a function of gate
voltage. The non-RMF data are based on the runs af-
ter removing the magnet, with the uncovered half of the
sample serving as a control. The dependence of τtr on
Vgate was found to be repeatable for a particular sample
through multiple thermal cyclings, allowing Vgate to serve
as a reliable and repeatable ‘knob’ controlling τtr.
Two samples with different ranges of transport elas-
tic scattering time τtr(Vgate) are reported. In sample
1, τtr ranged from 0.1 to 10ps, corresponding to ranges
n = 7.9×1015−1.2×1016m−2 and µ = 0.23−26m2/(V s).
In sample 2, τtr ranged from 0.5 to 30ps, correspond-
ing to ranges n = 9.9 × 1014 − 3.8 × 1015cm−2 and
µ = 2.2 − 78m2/(V s). We will concentrate on data
from the “cleaner” sample 2 since the advective regime
is reached more easily for larger τtr. Figure 1c shows
the ratio R = σRMFxx /σxx as a function of τtr at effective
magnetic field Beff = 0 and Beff = 0.24T . The ratio
R is equivalent to the ratio Deff/D∗ and so is expected
to scale with τtr as in Eq. (3) in the advective regime.
Figures 1c illustrates the key difference between the ad-
vective and diffusive regimes: At low Beff – the diffusive
regime – the RMF acts to increase the total disorder, so
that as τtr is increased (potential scattering reduced),the
RMF becomes the dominant source of scattering, lead-
ing to a decreasing R with increasing τtr. On the other
hand, for larger Beff the advective regime is reached and
the RMF causes advection of guiding centers, leading to
an increasing R with increasing τtr, as predicted by Eq.
(3). Figure 2 shows in greater detail how this transition
from the diffusive to the advective regime depends on
Beff . The transition is indicated by a crossover from de-
creasing to increasing R with increasing τtr, marked by
a triangle below each trace in Fig. 2. For higher Beff
the crossover region moves to lower values of τtr with
the minimum of R(τtr) depending on Beff , according to
ω0τmin ∼ 6 (see Fig. 2, inset). To look for scaling in the
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FIG. 2. The ratio R = σRMFxx /σxx measured at different val-
ues of Beff showing the gradual shift of the transition region
between the diffusive and the advective regimes with increas-
ing Beff . The location of the minima of R, τmin, indicated by
triangles, is plotted in the inset as a function of Beff showing
a power law dependence τmin ∝ B
−1
eff
.
advective regime, τtr > τmin, we define a scaling exponent
α(Beff , τtr) =
d ln (R)
d ln (τtr)
(5)
comparable to α0 in Eq. (3). Figure 3 shows the mea-
sured α as a function of τtr at different values of Beff and
in the inset as a function of Beff at fixed τtr. We see
that only for Beff ∼ 0 (in the high-mobility sample for
Beff <∼ 0.01T ) does α remain negative for all values of
τtr. This behavior indicates that R decreases monotoni-
cally around Beff ∼ 0 as already seen in Fig. 1c). As we
increase Beff , α levels off for large values of τtr, which we
interpret as having entered the advective regime of (3).
A characteristic feature of α as a function of Beff (inset,
Fig. 3) is the dip near zero that becomes deeper for larger
τtr. This is expected from our prediction that α(0, τtr)
should be monotonically decreasing with increasing τtr.
Figure 3 indicates that the advective regime is first
reached at τtr = 22ps (P = 5.72), at high magnetic fields,
where α(Beff , 22ps)→ 0.65. The τtr = 22ps data, shown
as the topmost curve in the inset of Fig. 3, emphasizes
the asymptotic nature of the evolution of α. At higher
τtr, for Beff >∼ 0.1T , α(Beff , τtr) is virtually constant at
0.65. This constant value of α, independent of τtr and
3
0.8
0.4
0.0
-0.4
α
0.40.20.0-0.2
Beff  [T]
22 ps
6.6 ps
2.6 ps
0.8
0.6
0.4
0.2
0.0
-0.2
-0.4
α
2520151050
τtr  [ ps ]
B = 0 
10 mT
20 mT
480 mT
120 mT
FIG. 3. Scaling exponent α = d ln(R)/d ln(τtr) as a func-
tion of τtr at different values of Beff . The saturation at
α ≈ 0.65 for Beff > 120mT and τtr > 20ps is a signature of
the advective regime and corresponds to a power law R ∝ ταtr.
The two horizontal dashed lines correspond to the two limit-
ing cases of periodic (α = 0.5) and gaussian disordered B(r)
(α ≈ 0.77). One expects 0.5 < α < 0.77 for any physical sys-
tem. Inset shows α as a function of Beff at three values of τtr
(marked by filled triangles in the main figure. The topmost
curve at τtr = 22ps asymptotically approaches 0.65 for high
values of Beff . For larger values of τtr, α remains constant at
0.65 for Beff > 0.1T .
Beff is the experimental signature of the expected power
law, R ∝ ταtr. The measured scaling exponent α = 0.65
is within the range 1/2 < α < 10/13 expected from the
present theory. The specific attributes of the experiment
which lead to the particular value 0.65 are not understood
at this point, however it is known that deviations from
gaussian fluctuations of B(r) will change the scaling of
advective transport within the range allowed by Eq. (4).
In summary, we have investigated classical advection
of guiding center motion of disordered 2DEG in a RMF,
and found theoretically a novel scaling of the ratio R
of diffusion constants or conductivities with and without
the RMF as a function of τtr. Experiments confirm the
expected power law scaling, and give a scaling exponent
consistent with theory.
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